Basic examples of A-semigroups are all semigroups of order 2 and indecomposable semigroups [10] , namely semigroups without proper congruences.
In this paper, we will study the structure of commutative A-semigroups, and eventually we shall have two important classes of commutative A-semigroups : quasicyclic groups and commutative nil-semigroups satisfying the divisibility chain condition. The first class will be equivalent to groups which are r-semigroups, the second one will be obtained by using the theory of structure of commutative archimedean semigroups, and it will be reduced to naturally totally ordered commutative archimedean semigroups with zero.
(*) This is one of the results of the research supported by NSF Grant GP-7608. 
Basic Results.
In this section we state the basic results on (commutative) A-semigroups.
LEMMA 1. -If S is a ^-semigroup, then all the ideals of S form a chain, hence all the principal ideals of S form a chain,
Proof. -If S is a A-semigroup, all Rees-congruences on .S form a chain. Let p and o-be Rees-congruences modulo ideals I and J respectively [2] . Then p Co-if and only if Jc J. Therefore all the ideals, hence principal ideals, form a chain.
LEMMA 2. -Every homomorphic image of a ^-semigroup is a ^-semigroup.
Proof. -Let S be a semigroup and S f be a homomorphic image of S. Let f be the homomorphism S -> 5". Let p be the congruence on S induced by f. There is a one-to-one correspondence between the set of all congruences a-on S containing p and the set of all congruences o-' on S' in the following way :
xay ^ f(x)^f (y) and p C o-i c 0-2 if and only if o-iCo-a. Therefore if S is a A-semigroup then <S/p, hence S' is a A-semigroup.
It is well known that any semigroup has a smallest semilatticecongruence [2] , [9] . It is a natural way to consider the greatest semilattice-homomorphic image L (induced by the smallest semilattice congruence) of a A-semigroup S. By Lemma 2, L is also a A-semigroup.
LEMMA 3. -A semilattice is a /^-semigroup if and only if it is of order ^ 2.
Proof. -Let L be a semilattice of order ^2. As usual we define x, y e L, x ^ y by x = yz for some z e L. 3. Simple or 0-simple A-semigroups.
We will treat the special cases, commutative simple A-semigroups and commutative o-simple A-semigroups. A commutative simple semigroup is an abelian group and a commutative o-simple semigroup is an abelian group with zero adjoined.
As far as abelian groups are concerned, our problem is equivalent to the problem on abelian groups whose subgroups form chain. Also it follows that all cyclic subgroups of G form a chain with respect to inclusion. Accordingly the order of every element, hence of every cyclic subgroup is a power of a same prime number p. Let C (x) denote the cyclic subgroup generated by x. Let Fn be the set of all elements of order p 71 in G.
We have a finite or infinite sequence { Fn} and by the above remark The mapping p -> p° is a one-to-one; and pco-if and only if p°co'°. Let GO(, and c^o denote the universal relations on G and G° respectively. We will prove that every congruence on G° is either c^o or p°, a congruence associated with p on G. Let o-be a congruence on G°s uch that a cr o for some a e G. 
Non-simple A-semigroups.
In this section, we will prove that if S is a A-semigroup and if S has a proper ideal I, then I can not be homomorphic onto a non-trivial group. We do not assume commutativity of 5 in this section.
The following lemma was obtained in [15] . Since | G > i, non (xpy) for some x, ye I, but xvy. Thus p <E cr and p 3) <7, which is contradiction to the assumption. Therefore S is not homomorphic onto a group G, \G > i. Next, suppose that I is homomorphic onto G, | G\ > i. Then by Lemma 8 there is a homomorphism of S onto G. This leads to the same contradiction. Therefore I is not homomorphic onto G.
Commutative archimedean A-semigroups.
In this section, we will determine commutative archimedean A-semigroups. Since a commutative archimedean semigroup has at most one idempotent, we have three possible types : The three types will be called Type 1, Type 2, Type 3 respectively. Let S be a commutative archimedean semigroup. The two relations •ria and p^ are congruences on S. It is known [14] , [16] that S/r]a is a commutative archimedean cancellative semigroup without idempotent, and S/^a is a group. If | S/^a \ = i, then S/'f]a consists of where a denotes the y^-class containing a (cf. [12] ). In other words, S/r]a is isomorphic onto the semigroup of all positive integers with addition, and hence is homomorphic onto any finite cyclic group. Therefore S is still homomorphic onto a non-trivial abelian group even if S/^a is trivial. The proof is completed.
THEOREM 12. -If S is a commutative archimedean ^-semigroup, then S is either an abetian group or a commutative nit-semigroup.
Proof. -This theorem is an immediate consequence of Theorem 9, the facts (4.i), (4.2), (4.3), Lemma 10 and Lemma 11.
Thus the study in the present case is reduced to that of Type 1 which is a A-semigroup, since the groups (in Type 2) have been studied in paragraph 3. Let I =={x;x^o}. I is an ideal of S, and we have proved that a congruence p is the Rees-congruence modulo I. To prove (5.i), we may prove the ideals form a chain. Let I and J be ideals of S. Suppose I $ J. There is an element aeJ, but a^J. Let x be any element of J. Clearly a ^ x. By (5.4)» either x = ay or a = xu for some y, some u. If a == xu, a e J because xeJ and J is an ideal. This is a contradiction with a^J. So x == ay. Since aeJ, we have rceJ.
Thus we have proved J C J. The proof of (5.i) is completed. 
Commutative non-archimedean A-semigroups.
In this section, S denotes a commutative non-archimedean A-semigroup. According to Proposition 4 and the remark after that in paragraph 2, It remains to prove that e is the identity of S. Related to (8.2), we notice that if S satisfies the divisibility chain condition, 5' 1 also satisfies the same condition.
Conclusion.
Summarizing all the theorems and propositions obtained, we have : We notice that cyclic groups of prime power are of Type (9.i) as mentioned in Remark in paragraph 3; all commutative semigroups of order 2 also belong to one of the above four types.
As far as Type (9.3) is concerned, CLIFFORD or TULLY'S result gives its structure, but the author has been successful in another attack by means of the non-negative valued functions in [12] . The result will be published elsewhere.
